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ABSTRACT
The string equations of motion and constraints are solved for a ring shaped
Ansatz in cosmological and black hole spacetimes. In FRW universes with arbitrary
power behavior [R(X0) = a |X0|α ], the asymptotic form of the solution is found
for both X0 → 0 and X0 → ∞ and we plot the numerical solution for all times.
Right after the big bang (X0 = 0) , the string energy decreasess as R(X0)−1 and
the string size grows as R(X0) for 0 < α < 1 and as X0 for α < 0 and α > 1.
Very soon [ X0 ∼ 1] , the ring reaches its oscillatory regime with frequency equal
to the winding and constant size and energy. This picture holds for all values of
α including string vacua (for which, asymptotically, α = 1). In addition, an exact
non-oscillatory ring solution is found.
For black hole spacetimes (Schwarzschild, Reissner-Nordstrøm and stringy), we
solve for ring strings moving towards the center. Depending on their initial condi-
tions (essentially the oscillation phase), they are are absorbed or not by Schwarz-
schild black holes. The phenomenon of particle transmutation is explicitly observed
(for rings not swallowed by the hole). An effective horizon is noticed for the rings.
Exact and explicit ring solutions inside the horizon(s) are found. They may be
interpreted as strings propagating between the different universes described by the
full black hole manifold.
PACS: 98.80.Cq 11.17.+y 97.60.Lf 95.30.Sf
2
1. Introduction
The systematic investigation of string dynamics in curved spacetimes started
in [1] has shown a variety of new physical phenomena [2]. These results are relevant
both for fundamental (quantum) strings and for cosmic strings, which behave in
an essentially classical way [3].
String propagation has been studied in non-linear gravitational plane waves
[4,5] and shock-waves [6,7], conical spacetimes [8,9], black holes [10], and cosmo-
logical spacetimes [2,11,12].
Among the cosmological backgrounds, de Sitter occupies a special place. On
one hand, it is the relevant inflationary geometry, and on the other, string propaga-
tion turns out to be special there [1, 11,12]. Moreover the classical string equations
of motion (plus the string constraints) happen to be integrable in D-dimensional
de Sitter universe [15, 16,17]. More precisely, they are equivalent to a sigma model
on the grassmanian SO(D, 1)/O(D) with periodic boundary conditions (for closed
strings) or Neumann boundary conditions (for open strings).
For generic Friedmann-Robertson-Walker (FRW) cosmological spacetimes, the
propagation of strings is certainly a non-integrable problem. Therefore, one is
faced with a rather formidable set of coupled non-linear partial differential equa-
tions. Analogous difficulties arise in other non-integrable backgrounds, such as
Schwarszchild black holes. To grasp basic physical properties, we consider in the
present paper solutions for the motion of classical closed test strings for which
the τ and σ dependence are separated. (Hence, we have to solve just non-linear
ordinary differential equations). That is, we make separable ring-shaped ansa¨tze
sharing the symmetry of the background geometry.
As is well known, the effective action for string theory corresponds to a modifi-
cation of Einstein-Hilbert’s action (see for instance the review [19] for the tree-level
effective action). This leads to cosmological spacetimes that are solutions of the
variational equations for this action. It is therefore interesting to investigate ring-
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like solutions in these stringy cosmological spacetimes as well, and to compare their
features with those encountered in our study of FRW spacetimes
We consider cosmological spacetimes with metric
ds2 = (dX0)2 − R(X0)2
D−1∑
i=1
(dX i)2 (1.1)
For FRW universes R(X0) = a |X0|α , where a is a constant , α is 1/2 for radiation
dominated universes and 2/3 for matter dominated universes. However, we shall
consider arbitrary real values of α. In particular, for α = 1 we have a tree level
string vacuum [22]. String vacua may give more complicated functions R(X0), but
R(X0) usually grows as X0 for large X0 [19].
The ring-shaped ansatz for the string solution is defined by
X0 = X0(τ) ,
X1 = f(τ) cosσ ,
X2 = f(τ) sin σ ,
X i = const. , i ≥ 3 .
(1.2)
and leads to two coupled ordinary nonlinear differential equations on two functions
: the ring radius f(τ) (in comoving coordinates) and the cosmic time X0 = X0(τ).
The other relevant physical quantities here are the invariant string size S(τ) ≡
f(τ) R(X0(τ)) and the string energy E(X0) = 1α′ X˙
0(τ). Here τ stands for the
proper string time and α′ for the string tension .
We can summarize our results as follows for all power expanding universes
[R(X0)
X0→+∞
= a |X0|α]. At the time X0 = 0 singularity (big bang/big crunch),
the string energy is infinite and its size is zero. Right after that, the energy redshifts
as:
E(X0)
X0→0∼ const. 1
α′R(X0)
(1.3)
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and the invariant size grows as follows
S = cte. R(X0) for X0 → 0 when 0 < α < 1
S = cte. X0 for X0 → 0 when α > 1 and when α < 0
(1.4)
Notice that in the second case the string size is proportional to the particle horizon
(∼ X0). In the first case, the string grows as the expansion factor. This is exactly
like the case of strings falling into a singular plane wave [4,5]. Stringy universes
are special (α = 1) and we find (sec. 3) that
S = R(X0) log
[
1
R(X0)
]
for R(X0)→ 0. (1.5)
Very soon [ X0 ∼ 1] , the string ring solution reaches an oscillatory regime with
[see eqs. (2.23), (2.33) and (3.4)]
f(τ)
X0→+∞∼ C 1
τα
cos(τ + ϕ) (1.6)
with X0 proportional to C1−α τ . Here, C and ϕ are arbitrary constants, amplitude
and phase, respectively. This describes for large X0 a string of constant invariant
size that oscillates with unit frequency. Quantum mechanically, eq.(1.6) corre-
sponds to an excitation of graviton or dilaton type. Multiple winded ring-shaped
strings oscillate with arbitrary integer frequency (see eq.(2.33) ). Notice that sim-
ple string oscillatory behaviors like (1.6) are absent in inflationary cosmologies as
the de Sitter universe.
In conclusion, when the universe expands as any finite power of X0 , the ring
string oscillates similarly to flat spacetime. Only the oscillation amplitude varies
with time in such a way that the invariant size, S(τ), and the energy remain
constant. Near the big bang (or big crunch) singularities the string collapses (eqs
(1.4),(1.5)).
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We find in addition an exact ring solution with radius proportional to the
conformal time:
η(τ) = Ke±τ/
√−k−1 , f(τ) =
K√−ke
±τ/√−k−1 . (1.7)
where K is an arbitrary constant. This solution is real for k + 1 < 0 . For
−1 < k < 0, it is real for imaginary τ . For k > 0 , this solution is real for imaginary
conformal time η and imaginary string time τ . Hence, it can be considered as an
instanton for k > −1.
Since Schwarzschild black holes are asymptotically flat spacetimes, we consider
these ring string solutions starting very far from the black hole. They asymptot-
ically behave as Minkowski solutions with a momentum p directed towards the
black hole center, an oscillation amplitude m and an energy e with e2 = p2 +m2.
This energy is in fact proportional to the string energy at all times t, E(t) = e/α′.
Notice that the oscillation amplitude coincides with the classical string mass. For
ring strings wounded n-times, the mass turns to be nm. When the ring string ap-
proaches the black hole, its oscillations do not qualitatively change, as can be seen
from figs. 14. Then, the ring is swallowed or not by the black hole, depending on
how much the string approaches the singularity. There exists an effective horizon
within which the ring string is always absorbed by the black hole. We find that
the sphere r = (3/2)Rs (where Rs = Schwarzschild radius) is completely inside
this effective horizon. Numerical results indicate that the effective horizon here is
close to the effective horizon for massless geodesics 32
√
3 rs = 2.5980...Rs.
Absorption by the black hole may occur for any value of the initial amplitude
and momentum. The oscillation phase determines whether the ring will be swal-
lowed or not. When the ring is not absorbed it gets out after turning an even or
odd number of π′s around the center. For an even (odd) number we have back-
(forward) scattering. The outgoing oscillation amplitude, m′ is generically different
from the initial amplitude m. This is an explicit illustration of the phenomenon of
particle transmutation noticed in ref.[13].
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Several black hole perturbative string vacua are now known (for a recent re-
view, see [14]). In particular there exist rotationally invariant solutions which are
generalizations of Reissner-Nordstrøm’s spacetime.
We show how a generic rotationally symmetric spacetime admits ringlike so-
lutions to the string equations of motion, and apply this to the aforementioned
black hole solutions. The analysis of the possiblity of collapse of the string onto
the singularity is radically different from the behaviour present in Schwarzschild’s
background. Whenever the region close to the singularity is static (as would be the
case for Reissner-Nordstrøm), the singularity is strongly repulsive of the strings,
similarly to what happens with point particles. Only if the usually present inner
horizon is absent or coincides with the singularity will we get collapsing string
with the worldsheet lacking analyticity at the collapse point. The asymptotic re-
gion r >> |θ˙|, which corresponds to the asymptotically Minkowskian region of all
these spacetimes, does indeed reproduce the expected oscillatory behaviour.
An exact solution for the string equations of motion is obtained for Reissner-
Nordstrøm and stringy black holes. It can be understood as the propagation of
the string from one asymptotically flat region to another, crossing both the outer
and the inner horizon present in these black holes. This is clearly analogous to
the possibility that timelike curves can connect the different asymptotically flat
regions.
The corresponding solution for Schwarzschild’s background does exist, but re-
mains always inside the horizon. Thus no violation of causality can be caused by
the ringlike strings under consideration.
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2. Strings propagating in Friedman-Robertson-Walker
cosmological spacetimes
We consider in this section closed test strings propagating in FRW spacetimes
with metric
ds2 = (dX0)2 −R(X0)2
D−1∑
i=1
(dX i)2 =
= R(η)2
[
(dη)2 −
D−1∑
i=1
(dX i)2
]
,
(2.1)
where X0 stands for cosmic time and η for conformal time. These times are related
by
η =
X0∫
dX0
R(X0)
. (2.2)
The function R(η)2 will be assumed of power type:
R(η)2 = A ηk , (2.3)
where A is a constant. For k = −2 we have de Sitter spacetime, for k = 2 a
radiation dominated FRW universe, and for k = 4 a matter dominated universe
[20].
For k 6= −2 we get from eqs.(2.2)-(2.3):
X0 =
2
√
A
k + 2
η
k+2
2 and α =
k
k + 2
(2.4)
The lagrangian function for a bosonic string in the geometry (2.1) takes the form
L = 1
2
[
(∂µX
0)2 − R(X0)2 (∂µX i)2
]
, (2.5)
where ∂µ are derivatives w.r.t. the worldsheet coordinates xµ, x0 = τ and x1 = σ
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(we use the conformal gauge throughout). This yields the equations of motion
∂2X0 −R(X0) dR
dX0
D−1∑
i=1
(∂µX
i)2 = 0 ,
∂µ
[
R2∂µX i
]
= 0 , 1 ≤ i ≤ D − 1 ,
(2.6)
and the constraints
T±± = (∂±X0)2 −R(X0)2 (∂±X i)2 = 0 . (2.7)
Equations (2.6)-(2.7) turn to be integrable for the de Sitter case (k = −2) [15].
They are not integrable for generic k. We shall therefore proceed to analyze a
simple ansatz where variables σ and τ separate. We choose a ring configuration
whose radius depends on τ :
X0 = X0(τ) ,
X1 = f(τ) cosσ ,
X2 = f(τ) sin σ ,
X i = const. , i ≥ 3 .
(2.8)
We then find from eqs. (2.6)-(2.7) the following set of ordinary differential equa-
tions for X0(τ) and f(τ):
d
dτ
[
R2
df
dτ
]
+R2f = 0 ,
d2X0
dτ2
+R
dR
dX0
(
f˙2 − f2
)
= 0 ,(
dX0
dτ
)2
− R2
(
f˙2 + f2
)
= 0 ,
(2.9)
where f˙ stands for dfdτ .
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The string energy can be easily computed from the spacetime string energy-
momentum tensor:
√−G TAB(X) = 1
2πα′
∫
dσdτ
(
X˙AX˙B −X ′AX ′B
)
δ(D)(X −X(σ, τ)) (2.10)
Therefore, whenever X0 = X0(τ), the string energy at a time X0 is given by:
E(X0) =
∫
dD−1X
√−G T 00(X) = 1
α′
dX0
dτ
(2.11)
For the restriction to power-type metrics, eq.(2.3), eqs.(2.9) take a particularly
simple form for the conformal time η = η(τ):
ηη¨ + kf˙2 = 0 , (2.12)
ηf¨ + kη˙f˙ + ηf = 0 (2.13)
η˙2 − f˙2 − f2 = 0 . (2.14)
The last equation is due to the string constraint. Notice that the first two equations
guarantee that [η˙2 − f˙2 − f2] is a constant of the motion. Hence the constraint
(2.14) will be satisfied for all times if it is satisfied by the initial conditions. We
have therefore only two independent differential equations in the set (2.12)-(2.14),
with one constraint on the possible initial conditions. In addition to this, the
equations are invariant under the scaling transformation
η(τ)→ λη(τ) , f(τ)→ λf(τ) , (2.15)
where λ is an arbitrary constant. It thus follows that the space of solutions is
parametrised by two initial conditions and a scaling factor.
10
The invariant spacetime interval (2.1) measured for these string solutions takes
the form
ds2 = ηkf2
[
dτ2 − dσ2] , (2.16)
where we have used eq. (2.14). We can then interpret
S(τ)2 = ηkf2 (2.17)
as the string size squared [2].
Eqs. (2.12)-(2.14) admit a pair of simple solutions that can be written in closed
form:
η(τ) = e±τ/
√−k−1 , f(τ) =
1√−ke
±τ/√−k−1 . (2.18)
Of course, these two solutions can be scaled according to (2.15). They are real for
k + 1 < 0, and describe a string that explodes or collapses for large τ , which can
be seen from the form taken in this case by the string size S(τ),
S(τ)2 = −1
k
exp
(
± k + 2√−k − 1τ
)
. (2.19)
Clearly, the string explodes, for τ → +∞, for the choice of plus sign of the ex-
ponent, k + 2 being larger than zero (−1 > k > −2), or the choice of the minus
sign whenever k+ 2 < 0. The converse situation, i.e., string collapse for τ → +∞,
occurs for the choice of the minus sign and k + 2 > 0 (−1 > k > −2), or plus sign
and k + 2 < 0. Notice that for these solutions
S(τ)
R(τ)
=
1√−k exp
(
± τ√−k − 1
)
, (2.20)
giving exponential collapse/explosion of the string with respect to the evolution of
the spacetime.
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Solution (2.18) is real for k + 1 < 0 . For −1 < k < 0, it is real for imaginary
τ . For k > 0 , this solution is real for imaginary conformal time η and string time
τ . Hence, it can be considered as a string instanton for k > −1. For k > 0 , it is a
real solution in a universe with euclidean signature.
The case k = −2 (de Sitter) is special. There, eq.(2.18) yields the solution
q0(τ) found in reference [16]. In this case the string size remains constant.
Notice that (2.18) (for k 6= −2) collapses or explodes irrespective of the initial
string size. On the other hand, for de Sitter space, the string equations of motion
and of constraint reduce to a sinh-Gordon equation with potential −2 coshα [15],
where the string size squared is S(τ)2 = exp(α(σ, τ))/(2H2). Therefore, configu-
rations with positive (resp. negative) α are driven towards +∞ (resp. −∞) α.
That is, strings such that for any given initial moment they are of size bigger (resp.
smaller) than the horizon (1/
√
2H) tend to explode (resp. collapse).
The peculiarity of de Sitter spacetime in this context can be clearly seen as
soon as one realizes that eqs.(2.12)-(2.14) can be cast in a hamiltonian form with
a constraint. Define
H =
1
2
η−k
(
Π2η − Π2f − η2kf2
)
, (2.21)
and Poisson commutators the canonical ones,
{η,Πη} = {f,Πf} = 1 ,
the rest of commutators between f, η,Πf ,Πη being equal to zero.
The equations of motion previously written down are then obtained from g˙ =
{g,H} for any g in the algebra A generated by f, η,Πf ,Πη. The equation of
constraint is equivalent to the dynamical constraint H ≈ 0.
We can write the following element Q ∈ A, Q = ηΠη + fΠf . It will be the
generator of dilations of the string size. Its time derivative is easily computed to
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be
{Q,H} = (k + 2)
(
H + ηkf2
)
= (k + 2)
(
H + S2
)
, (2.22)
whence for k = −2 we have an additional (quadratic) conserved quantity. Notice
that S2 itself is not a conserved quantity in general, even for de Sitter spacetime,
since {S2, H} = kf2η−1Πη − 2fΠf .
The existence of this additional conserved quantity for this ansatz and de
Sitter spacetime reflects the fact that the motion of classical test strings in de
Sitter spacetimes is integrable [15]-[16].
Let us now derive the asymptotic behaviour of η and f analytically from (2.12)-
(2.14), for solutions other than the previously written exponentials.
We find, for τ → +∞ (and k 6= −2)
η(τ)
τ→+∞∼ τ2/(k+2) ,
X0(τ)
τ→+∞∼ 2
√
A
(k + 2)
τ ,
f(τ)
τ→+∞∼ 2
(k + 2)
τ−k/(k+2) cos(τ + ϕ) ,
(2.23)
where ϕ is a constant phase and oscillation amplitude has been normalized using
the scaling (2.15). The size of the set of solutions with this asymptotic behaviour
is asymptotically a constant times an oscillating term:
S(τ)
τ→+∞∼
(
2
k + 2
)
| cos(τ + ϕ)| τ→+∞∼
√
2
(k + 2)
. (2.24)
That is, (2.23) describes the asymptotic behaviour of a string whose size oscillates
with unit frequency. Quantum mechanically, this corresponds to an excitation of
graviton or dilaton type. Notice that this behaviour holds for all k 6= −2.
The result (2.23) holds for large R and is therefore valid for any universe where
eq.(2.3) is valid asymptotically . We want to stress that all cosmological geometries
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exhibit simple oscillatory string behaviour for large R except when R(X0) grows
faster than any power of X0. That is, simple oscillatory string behaviour does not
appear in inflationary universes like de Sitter.
The contraction and dilation of the universe in this limit, τ → ∞, is now
governed by k: for−2 < k < 0 this corresponds to a contracting universe; otherwise
it will be expanding.
In summary, the asymptotic behaviour of the string given by (2.23) is similar
to the usual |n| = 1 modes in Minkowski spacetime. It corresponds to “stable
behaviour” as defined in [12] (the special case k = −2 (de Sitter spacetime) is
analyzed in reference [16]).
Behaviours of the type (2.23) for α > 0 were called “string stretching” in
refs.[18] referring to the fact that the string amplitude f(τ) stretches when the
universe expands. This is actually a coordinate-dependent effect since the invariant
string size stays constant [eq. (2.24)]. We prefer to use the term ’string stretching’
in de Sitter universe where the invariant string size in a whole class of string
solutions grows as fast as the universe [1,16,17].
Before describing our numerical study of eqs (2.12)-(2.14), let us consider the
singular points where η vanishes. Assuming that η(τ0) = 0, we find for k > 0
η(τ)
τ→τ0∼ (τ − τ0)1/(k+1) ,
f(τ)
τ→τ0∼ f0 ± (τ − τ0)1/(k+1) .
(2.25)
For the case 0 > k > −1, f0 must be set equal to 0. Expression (2.25) also holds
as an asymptotic behaviour for k < −1 as τ → τ0, but in such a case, both η(τ)
and f(τ) diverge at τ = τ0. We have again made use of the scaling freedom given
by (2.15). The string size squared results to be
S(τ)2
τ→τ0∼ (τ − τ0)(k+2)/(k+1) for k < 0 ;
S(τ)2
τ→τ0∼ f20 (τ − τ0)k/(k+1) for k > 0 .
(2.26)
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In this regime, the universe contracts (big crunch) as
R(τ)2
τ→τ0∼ (τ − τ0)k/(k+1) → 0 , (2.27)
whereas the string collapses for k > 0 or k < −2, but explodes for −2 < k < −1.
Notice, that the string size S(τ) grows as X0(τ) grows for k < 0. That is, the
string size is proportional to the particle horizon in this regime. For k > 0, the
string size behaves here as R(X0(τ)).
From eqs.(2.11)-(2.25) we find that the string energy E(X0) = 1α′ X˙
0 behaves
near the big-bang (X0 = 0) singularity as
E(X0) ∼ const.
α′
τ−
k
k+1 ∼ const.
α′
1
R(X0)
(2.28)
Notice that E(X0) decreases for growing small X0 with the gravitational red-shift
factor 1/R(X0) . On the contrary, when the particle horizon (∼ X0) is much larger
than the ring size, the string energy is no more redshifted and tends to a constant
(eq. (2.23)).
Another possible behaviour is given by
η(τ)
τ→τ0∼ τ − τ0 ,
f(τ)
τ→τ0∼ 1− (τ − τ0)
2
2(k + 1)
.
(2.29)
For 0 > k > −1, a more likely behaviour is given by
η(τ)
τ→τ0∼ τ − τ0 ,
f(τ)
τ→τ0∼ 1 + a(τ − τ0)1−k ,
(2.30)
with a a constant. Both sets of equations correspond to a collapsing (resp. explod-
ing) string for k > 0 (resp. k < 0), with size S(τ)
τ→τ0∼ (τ − τ0)k/2. The behaviour
(2.29) is however subdominant when compared to (2.25) for k > 0. For k < −1
(2.25) is singular, and, since, as we shall later prove, η must vanish for some finite
value of τ , it follows that (2.29) will be present. Similarly for −1 < k < 0.
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The equations of motion (2.12)-(2.14) being invariant under time reversal (τ →
−τ), both asymptotic behaviours, (2.23) and (2.25), may describe initial or final
situations of the string. The numerical analysis, carried out using Mathematica
[21], precisely shows how to connect such behaviours.
Equation (2.12) tells us that ηη¨ has a definite sign, precisely that of −k. There-
fore, if we start from a positive η(0), and k > 0, η¨(τ) will be negative for as long
as η(τ) > 0. Then, if η˙(0) < 0, η˙(τ) will grow in absolute value for as long as
η(τ) > 0. In conclusion, η will vanish for some finite value of τ = τ0. On the other
hand, if η˙(0) > 0 (always for k > 0), η(τ) need not vanish. The numerical analysis
supports these conclusions.
In fig. 1 we plot η(τ) and f(τ) for k = 2 with initial conditions such that
η(0)η˙(0) < 0. We observe that the behaviour (2.25) is reproduced with reasonable
accuracy. In fig. 2 we again consider η(0)η˙(0) < 0, but this time for k = 4.
Fig. 3 depicts η(τ) and f(τ) for k = 2 with initial conditions such that
η(0)η˙(0) > 0. We then find that the asymptotic regime (2.23) is very quickly
reached. Similarly for k = 4 (fig. 4).
In fig. 5 we portray a solution for k = 2 which starts from nothing at the big
crunch η = τ = 0 and grows steadily up to an oscillatory solution, which is to be
understood as a graviton or dilaton created ex nihilo.
Next figure, fig. 6, presents a numerical solution for k = −3/2, close to a
vanishing point of η, in order to show that the analysis is general. It is clear that
it obeys equation (2.29) (modulo an unimportant scaling factor). We proceed to
show in fig. 7 a numerical solution, also for k = −3/2, but this time illustrating
the asymptotic regime (2.23).
There are other possible modes of the string, and in fact our whole analysis
easily generalizes to higher winding modes: take the following ansatz,
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η = η(τ) ,
X1 = fn(τ) cosnσ ,
X2 = fn(τ) sinnσ ,
X i = cons. , i ≥ 3 .
(2.31)
Apart from the exponential solutions, which take the form
η(τ) = e±nτ/
√−k−1 , f(τ) =
1√−ke
±nτ/√−k−1 , (2.32)
only the τ → ∞ asymptotic behaviour is slightly modified in the context of this
generalized ansatz. We find that the analogue of (2.23) is
η(τ)
τ→+∞∼ τ2/(2+k) ,
f(τ)
τ→+∞∼ 2
n(2 + k)
τ−k/(2+k) cos(nτ + ϕ) .
(2.33)
3. Strings propagating in stringy cosmological spacetimes
There are a number of interesting string vacua of this kind to be found in the
literature [see (19) for a review]. These geometries can be either considered in
the ’string frame’ or in the ’Einstein frame’. The physics changes with the frame.
We choose to work in the Einstein frame. The reason being that in such frame
the spacetime metric in the effective field theory action is the same metric that
appears in the string action for test strings [11]. In the string frame, the metric
in the effective action contains the dilaton field whereas the dilaton never couples
with classical test strings.
We shall assume D = 4 uncompactified dimensions for this stringy universe
as it was before the case for the FRW geometries (sec.2). In addition, we assume
some extra compactified degrees of freedom contributing with an amount c < 0 to
the central charge. No further assumptions will be made. In fact the value of |c|
gets absorbed in the choice of unit of length.
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We consider in particular cosmological backgrounds in maximally symmetric,
conformally flat space, that is to say, with metric of the form (2.1). Making the
same ansatz as before (2.8), we again have equations (2.9) as equations of motion
and constraint. Notice that the invariant string size is given by
S(τ) = f(τ) R(X0(τ)) . (3.1)
Let us first examine the linear dilaton, flat string frame metric solution of
Myers [22], in Einstein’s frame [11, 19], (with the correct constant rescaling of the
spatial components):
ds2E = (dX
0)2 − (X0)2
D−1∑
i=1
(dX i)2 =
= e2η
[
dη2 −
D−1∑
i=1
(dX i)2
]
,
(3.2)
whence the equations of motion and constraint
f¨ + 2η˙f˙ + f = 0 ,
η¨ + 2f˙2 = 0 ,
η˙2 − f˙2 − f2 = 0 ,
(3.3)
for ring-like solutions, following the by now usual ansatz. It has to be observed
that η does not enter these equations save through its derivatives. We thus see
that η can be shifted by an arbitrary constant. Disregarding this constant, we are
actually restricted to a single non-linear second order ordinary differential equation
for f , up to the choice of a sign for η˙. There is no scaling freedom in this case.
In an analogous manner to the analysis carried out before, we obtain that the
asymptotic behaviour of the solutions for τ → +∞ is of the form
f(τ)
τ→+∞
=
1
τ
cos(τ + ϕ) +O(1/τ2) ,
η(τ)
τ→+∞
= η0 + ln τ +O(1/τ) .
(3.4)
Here, the oscillation amplitude for f(τ) is fixed for all ring solutions. Since the
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asymptotic string energy is proportional to eη0 , it is then this arbitrary parameter
which effectively plays the roˆle of asymptotic string amplitude.
The string size is
S(τ) = eη(τ )f(τ) , (3.5)
and asymptotically for τ → +∞
S(τ)
τ→+∞∼ eη0 | cos(τ + ϕ)| ∼ 1√
2
eη0 . (3.6)
The string is of a bounded size, whereas the universe is expanding in this regime.
Observe that a) η¨ is always negative; b) η˙ = 0 (which implies f = 0, f˙ = 0)
is a critical point of this two dimensional dynamical system. This means that
η˙ > 0 and η˙ < 0 are disconnected regions of configuration space, as was pointed
out before. On the other hand, time reversal invariance means that they can be
mapped into each other, so we concentrate on η˙ > 0. Because of a), η˙ will tend
towards zero as τ grows, which corresponds to (3.4). Backwards in time, though,
it will grow indefinitely. This growth might be up to some finite τ0, in which case,
there will be a divergence at this point, of the form
f(τ)
τ→τ0∼ 1
2
ln(τ − τ0) ,
η(τ)
τ→τ0∼ η0 + 1
2
ln(τ − τ0) .
(3.7)
The string collapses in this case, but more slowly than the spacetime:
S(τ)
τ→τ0∼
√
τ − τ0
2
| ln(τ − τ0)| . (3.8)
Both types of asymptotic behaviours, (3.4) and (3.7), are observed in the nu-
merical solution depicted in figure 8.
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The string energy (2.11) tends to 1α′ e
η0 for X0 →∞ and it is redshifted as
e2η0
2α′R(X0)
near the big bang singularity as in eq.(2.28).
As a conclusion, the behaviour of ring-like string solutions in this spacetime is
analogous to that found for FRW spacetimes, by making k tend formally towards
+∞. An important difference between this spacetime and the FRW solutions of
general relativity lies in the fact that the “big crunch” singularity for the case
at hand is a null singularity [28], whereas it is spacelike for FRW spacetimes.
The collapse of the strings into these singularities is also of different kinds: while
S(τ)/R(τ) tends powerlike to zero for FRW spacetimes (k > 0), it is logarithmically
divergent for the stringy solution under consideration.
Another interesting spacetime is the isotropic case of the one obtained by
Mueller [23], which is asymptotically identical to the previous one for X0 → +∞,
but which posseses simple polynomial curvature singularities for two values of X0.
In Einstein’s frame, it reads
ds2E = (dX
0)2 − R(X0, a)2
D−1∑
i=1
(dX i)2
= (dX0)2 − R20 (X0 − a)(
√
3+1)/
√
3(X0 + a)(
√
3−1)/
√
3
D−1∑
i=1
(dX i)2,
(3.9)
for D = 4. Here c < 0 as explained above and a is an arbitrary constant. Observe
that
R(λX0, a) = λR(X0, a/λ) ,
from which we can fix a = 1 without loss of generality, and R0 can also be set to
1 by an adequate constant rescaling of the spatial coordinates. Making again the
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ring-like ansatz (2.8), the equations of motion (2.9) are consequently :
f¨+2
(
c1
X0 − 1 +
c2
X0 + 1
)
X˙0f˙ + f = 0 ,
X¨0+(X0 − 1)2c1(X0 + 1)2c2
(
c1
X0 − 1 +
c2
X0 + 1
)(
f˙2 − f2
)
= 0 ,
(X˙0)2−(X0 − 1)2c1(X0 + 1)2c2
(
f˙2 + f2
)
= 0 .
(3.10)
Here,
c1 =
1
2
(1 +
1√
3
) , c2 =
1
2
(1− 1√
3
) (3.11)
In D space-time dimensions one just has to replace
√
3 in eqs.(3.9)-(3.11) by√
D − 1.
From the expression of the metric one can conclude that in the asymptotic
region X0 → +∞ the behaviour is analogous to that of Myers’ spacetime. That is
to say,
X0
τ→+∞∼ pτ ,
f
τ→+∞∼ 1
τ
cos(τ + ϕ) .
(3.12)
where p is an arbitrary positive parameter proportional to eη0 . On the other hand,
it is clear that X0 = ±1 are singularities of the metric. The curvature scalar tends
to∞ as those points are approached, and the metric is imaginary for −1 < X0 < 1.
It is also evident that X0 = ±1 are critical planes for the set of ordinary differential
equations (3.10). Equations (3.10) are autonomous, so there is invariance under
time translation, and we can choose τ = τ0 as the point for which X
0 = ±1. In
such case, the following asympotic behaviour is obtained by demanding that the
solutions be regular for X0 → 1+ when τ → τ0 (we choose for simplicity τ0 = 0) :
X0(τ)
τ→0∼ 1 + b1τ (1/c2) ,
f(τ)
τ→0∼
(
b1
2
)c2 1
c2
[
1 +O(τ2)
]
.
(3.13)
This leads to a string size squared that tends to zero at the same rate as the
spacetime.
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Allowing for singular solutions, we obtain for X0(τ)→ 1+ as τ → 0
X0(τ)
τ→0∼ 1 + b1 τ1/(c1+1) ,
f(τ)
τ→0∼
(
b1
2
)c2 1
c2
τ c2/(c1+1)
[
1 +O(τ2)
]
.
(3.14)
in which case the string collapses as τ → 0+ (b > 0) with
S(τ)
R(τ)
τ→0∼ τ c2/(c1+1) . (3.15)
Alternatively, and when consider X0 = 1 as the big bang (and X0 = −1 as the big
crunch), the string is coming out of the big bang faster than the expansion rate of
the universe.
Passing to X0 → −1, we see that there are solutions of the same type as above,
given by the exchange of c1 with c2, and such that X
0 → −1−.
To illustrate these results, we portray in fig.9 a numerical solution in which
the behaviour for τ → +∞ is particularly clear, and next in fig.10 a closer look at
the limit X0 → 1+, for a different numerical solution. It is seen that the singular
behaviour (3.14) is obeyed.
4. Strings propagating in black hole spacetimes
The motion of classical test strings in a black hole background metric is also
particularly interesting. Previous works on classical strings in black hole back-
grounds considered infinite strings [24], static solutions [25], charged strings [26]
and perturbations on static solutions [27].
We start with the Schwarzschild metric
ds2 = R2s
[
−
(
1− 1
r
)
dt2 +
dr2(
1− 1r
) + r2(dθ2 + sin2 θ dφ2)
]
, (4.1)
where Rs = 2m is the Schwarzschild radius, and the radial and “temporal” coordi-
nates are R = rRs and T = tRs. The equations of motion of a classical test string
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in such a background, and in the conformal gauge, are
rσtσ − rτ tτ + r(r − 1)(tσσ − tττ ) = 0 ,
r sin θ (φττ − φσσ) + 2r cos θ (φτθτ − φσθσ) + 2(rτφτ−rσφσ) = 0 ,
2r(θττ − θσσ) + 4(rτθτ − rσθσ)− r sin 2θ (φ2τ − φ2σ) = 0 ,
2r
1− r (rττ − rσσ)−
1
r2
(t2τ − t2σ) + 2r(θ2τ − θ2σ)+
+2r sin2 θ (φ2τ − φ2σ) +
1
(r − 1)2 (r
2
τ − r2σ) = 0 .
(4.2)
The constraints are
1− r
r
(t2σ + t
2
τ ) +
r
r − 1(r
2
τ + r
2
σ)+r
2(θ2τ + θ
2
σ) + r
2 sin2 θ (φ2τ + φ
2
σ) = 0 ,
1− r
r
tτ tσ +
r
r − 1rτ rσ+r
2θτθσ + r
2 sin2 θ φτφσ = 0 .
(4.3)
Rotationally symmetric, static 2+1 spacetime
Consider for a while constant θ in the equations above. This case is similar
to the motion of a string in a conformally flat, rotationally symmetric, static 2+1
spacetime,
ds˜2 = A2(ρ)
(−dt2 + dρ2 + ρ2dφ2) . (4.4)
If we assume, as is natural, that φ = nσ, then either A(ρ) ∝ 1/ρ, or ρ = ρ(τ). In
the second case, ρ = ρ(τ), we have that either t = t(τ) or t = t(σ). Both these
cases can be solved by quadratures. The less physical one (which would correspond
to compactified t coordinate), t = t(σ), produces the solution
ρ = (γ/n) cos(nτ + ν) ,
t = γσ + δ ,
(4.5)
with γ, ν and δ arbitrary constants.
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The more interesting case ρ = ρ(τ), t = t(τ), has the following solution (ω =
logA):
ρ∫
dρ
(c2e−4ω − n2ρ2)1/2
= ±τ + d ,
t = c
∫
e−2ωdτ + g ,
(4.6)
again with arbitrary constants c, d, g.
Our problem of interest, in a Schwarzschild background, cannot be put in this
form. However, now that the analysis has been carried out for the conformally flat
case, it is straightforward to generalize it to applicable expressions.
Consider then the following metric:
ds˜2 = A2(ρ)
(−dt2 + dρ2 + b(ρ)2ρ2dφ2) . (4.7)
If we assume, as before, that φ = nσ, we have that either Ab ∝ 1/ρ, or ρ = ρ(τ),
in which event, either t = t(σ) or t = t(τ), as before, and the solutions are also
given by quadratures: either
ρ∫
dρ
(γ2 − n2b2ρ2)1/2
= ±τ + ν, ,
t = γσ + δ ,
(4.8)
with γ, ν and δ arbitrary constants, or
ρ∫
dρ
(c2e−4ω − n2b2ρ2)1/2
= ±τ + d ,
t = c
∫
e−2ωdτ + g ,
(4.9)
again with arbitrary constants c, d, g.
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These solutions can now be applied to the case of equatorial motion of a string
in a Schwarzschild black hole background. As a matter of fact, assume just that θ
is constant. This implies that either θ = π/2 (since θ is restricted between 0 and
π), or φ2τ = φ
2
σ. Taking the axisymmetric solutions (φ = nσ, n =integer), it is clear
that only the equatorial motion makes sense, as is also physically evident. Let us
concentrate on such an equatorial, axisymmetric motion. Applying formula (4.9),
and the restriction that r cannot be smaller than 0, we are led to
t = t0 = cons. ,
r = cos2
(
nτ + δ
2
)
.
(4.10)
This equation describes a string propagating inside the Schwarzschild horizon r =
1. Let us remember that r takes on a time-like character inside the horizon,
whereas t is space-like. It is thus better to study this solution in Kruskal-Szekers
(KS) coordinates [20]:
u =
√
1− r er/2 sinh(t/2) ,
v =
√
1− r er/2 cosh(t/2) .
(4.11)
The metric takes in these coordinates the following form:
ds2 =
4
r
R2s e
−r (−dv2 + du2)+R2s r2 (dθ2 + sin2 θ dφ2) . (4.12)
The coordinate v is a time-like coordinate, and u spacelike. We find from equations
(4.10)-(4.11):
r = cos2
(
nτ + δ
2
)
,
u = tanh(t0/2) v .
(4.13)
That is, the string falls into the singularity r = 0, with constant speed tanh(t0/4) <
1 with respect to KS coordinates (see fig. 11). Solution (4.13) (for n = 1 and δ = 0)
starts at, say, τ = 0, on the horizon, and bounces back to r > 0 after r has vanished
for τ = π. This behaviour may be interpreted as follows: The motion outwards the
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singularity is unphysical. Which is to say that the string motion ends when the
singularity r = 0 is reached at τ = π. Moreover, the invariant string size vanishes
as (τ − π)4 when the singularity is approched.
The other (unphysical) solution (4.8), leads to
t = γσ + δ ,
r∫
rdr
(r − 1)1/2 (γ2(r − 1)− n2r3)1/2
= ±τ + β ,
(4.14)
which is not so interesting given the periodicity we impose on σ.
Axisymmetric ansatz
The Schwarzschild manifold not being a symmetric space, the string equations
of motion and of constraint, (4.2) and (4.3), are not integrable there. In order
to separate the equations into ordinary differential equations, we make a simple
ansatz with a symmetry compatible with the time evolution. Our concrete ansatz
is to choose an axisymmetric (ring) configuration as follows:
φ = nσ , θ = θ(τ) , t = t(τ) , r = r(τ) . (4.15)
where n = integer. This ansatz inserted in equations (4.2) and (4.3) produces the
following set of equations:
r¨ − (r − 3/2)θ˙2 + n2 sin2 θ(r − 1/2) = 0 ,
rθ¨ + 2r˙θ˙ + n2r sin θ cos θ = 0 .
(4.16)
with a conserved quantity
e2 = r˙2 + r(r − 1)(θ˙2 + n2 sin2 θ) , (4.17)
and t given by
t˙ =
er
r − 1 . (4.18)
Note that these equations are invariant under the change τ → −τ , t→ −t. Since
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t˙ > 0 outside the horizon, t(τ) is a monotonous function, and we can use either τ
or t to study the time evolution for r > 1.
The string energy is found to be in this case,
E(t) ≡ −P0 = −G00
α′
dX0
dτ
=
Rs e
α′
. (4.19)
where we used eq.(2.10):
P 0 =
∫
dD−1X
√−G T 00(X)
and α′ is the string tension.
The invariant length of the string in this case is
ds2 = R2sn
2r2 sin2 θ (−dτ2 + dσ2) . (4.20)
A useful equation, satisfied by solutions of these equations, is(
d2
dτ2
+ n2
)
(r sin θ) =
1
2
(n2 sin2 θ − 3θ˙2) sin θ . (4.21)
Let us now examine the possible asymptotic behaviours of these equations in
different regimes. A first interesting question is the existence of collapsing solutions
and the corresponding critical exponents. On computation, we find two possible
collapsing behaviours from (4.16)-(4.17), with the adequate choice of origin for τ
for τ → 0:
r
τ→0∼ α τ2/5 ,
θ
τ→0∼ θf + 2
√
α τ1/5 ,
(4.22)
where α is a constant and
r
τ→0∼ eτ + n
2 sin2 θf
4
τ2 − n
2e sin2 θf
6
τ3 +O(τ4) ,
θ
τ→0∼ θf −
n2 sin(2θf )
12
τ2 +
n2 sin3 θf cos θf
726
τ3 +O(τ4) .
(4.23)
This last one is obviously subdominant with respect to eq. (4.22).
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Consider now the regime given by large r and θ˙2/r small. From equations
(4.17) and (4.21), we have that, for |τ | → +∞,
r
τ→+∞∼ p|τ | ,
θ
τ→+∞∼ θ0 − m
p
cos(nτ + ϕ0)
τ
,
(4.24)
together with
e2 = p2 + n2m2 ,
and t
τ→+∞∼ eτ . Here θ0 is such that sin θ0 = 0, i.e., θ = lπ with l an integer. We
could here understand p as an asymptotic radial momentum, e the energy, and nm
the mass of the string. The latter is determined by the amplitude of the string
oscillations.
We find for large τ that
x = r sin θ cos φ = (−1)l+1 m cos(nτ + ϕ0) cosnσ ,
y = r sin θ sin φ = (−1)l+1 m cos(nτ + ϕ0) sinnσ .
(4.25)
In this region, spacetime is minkowskian, and we can recognize (4.25) as the nth
excitation mode of a closed string. For |n| = 1 this corresponds at the quantum
level to a graviton and/or a dilaton. Notice that m is the amplitude of the string
oscillations.
The string size is here S(τ) = Rsr(τ) | sin θ(τ)|. We find from eqs.(4.22)-(4.24)
that
S(τ)
τ→+∞∼ Rsm| cos(τ + ϕ)| τ→+∞∼ Rsm√
2
S(τ)
τ→+0∼ Rsα sin θf τ2/5.
(4.26)
Whenever the string is not swallowed by the black hole, equation (4.24) de-
scribes both the incoming and outgoing regions τ → ±∞. However, the mass m,
the momentum p and the phase ϕ0 are in general different in the two asymptotic
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regions. This is an illustration of a rather general phenomenon noticed at the
quantum level: particle transmutation [13]. This means that the excitation state
of a string changes in general when it is scattered by an external field like a black
hole. Within our classical ansatz (4.15), the only possible changes are in amplitude
(mass), momentum, and phase. It can be seen numerically that the excitation state
is indeed modified by the interaction with the black hole.
Due to the structure of our ansatz, the string, if it is not absorbed for some
finite τ , may return to z = +∞ (θf = 0 (mod 2π)), where it started at τ = −∞,
or go past the black hole towards z = −∞ (θf = π (mod 2π))
An special case of interest is that of solutions such that r(τ) = r(−τ). It follows
that θ˙2(τ) = θ˙2(−τ), from which θ(τ) = ∆ − ǫθ(−τ), with ǫ a sign. We then see
that ∆ is restricted to multiples of π if the string does not fall into the black hole.
If it is an odd multiple, we understand that the string has circled round the black
hole a number of times and then has continued to infinity, whereas when it is an
even multiple, the string bounces back after some dithering around the black hole.
This analysis can be extended to all solutions.
Let us now analyze the absorption of the string by the black hole. If r starts
at +∞ for τ = −∞ and decreases (r˙ < 0), r˙ must change sign at the periastron
at time τ0. Otherwise the singularity at r = 0 will be reached. Furthermore,
r¨(τ0) > 0. We see from the first equation in the set (4.16) that this implies that
r(τ0) > 3/2. In other words, if the string penetrates the r < 3/2 region, it will
necessarily fall into the singularity. In yet another paraphrase, there is an effective
horizon for ring string solutions. The surface r = 3/2 is necessarily contained
within this horizon. Let us recall that for massless geodesics the effective horizon
is a sphere of radius r = 32
√
3.
To illustrate these points, we adjunct some figures. They depict the motion
of ring-like strings described by equations (4.15) through (4.18). We numerically
integrate equations (4.16) from large negative τ , where the asymptotic behaviour
(4.24) holds. We choose θ0, n = 1, and vary the values of p,m and ϕ0. Depending
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on this last set of three values the string is absorbed or not by the black hole.
In fig. 12 we show an example of direct fall (i.e., with no bobbing around the
black hole). In order to compare with this one, we next portray (fig. 13) a case
where the string goes past the black hole before returning to it and collapsing.
The clearest view of this event is given by fig. 13d, which depicts z = r cos θ as a
function of ρ = r sin θ.
Fig. 14 is dedicated to a non-falling string. It is particularly interesting to
point out that the excitation state has been changed by scattering by the black
hole, as can be clearly seen from the third graph in this figure, which depicts r sin θ
as a function of τ . We see that the oscillation amplitude is larger after the collision
than before. This means that the outgoing string mass is larger than the ingoing
string mass. Hence, particle transmutation in the sense of ref.[13] takes place here.
In the fourth of this series, fig. 14d, we portray z = r cos θ against ρ = r sin θ.
It is to be remarked that the string bounces (the lower end of the picture), then
oscillates around the black hole, and finally escapes to infinity.
That the string be absorbed or not by the black hole is dictated by whether
it comes or not within the effective horizon, as mentioned above. This, in turn, is
crucially dependent on the phase ϕ0 chosen as part of the initial data (τ → −∞).
Whatever value the mass (amplitude) m and the momentum p take, there is always
some interval of values of ϕ0 for which the string will be absorbed by the black
hole.
Besides numerical experiments, this behaviour follows from the simple fact that
a change of the initial phase ϕ0 would displace the string worldsheet, thus possibly
bringing it closer to the black hole.
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5. Strings propagating in stringy black holes
Among the tree level string vacua of this type we shall only consider non-
rotating, 3 + 1-dimensional black hole spacetimes of the type first presented in
[29].
Before coming to those, though, let us write the equations of motion corre-
sponding to a ring configuration of a classical string in a metric of the form (in
Einstein’s frame)
ds2E = −A(r)dt2 +
1
B(r)
dr2 + C(r)(dθ2 + sin2 θdφ2) . (5.1)
Our ansatz (4.15) can be used for this general metric. The equations of motion
and constraint are as follows:
r¨ =
1
2
{
AB′ −BA′
AB
r˙2 +BC
(
C ′
C
− A
′
A
)
θ˙2 − n2BC sin2 θ
(
C ′
C
+
A′
A
)}
,
θ¨ =− C
′
C
r˙ θ˙ − n2 sin θ cos θ ,
t˙ =
e
A
,
e2 =
A
B
r˙2 + AC θ˙2 + ACn2 sin2 θ .
(5.2)
Here e is a constant of motion and the primes denote derivatives with respect to r
for A,B and C, which are functions of r. The string size squared is in this case
S(τ)2 = C(r) n2 sin2 θ . (5.3)
As in sec. 4 [eq.(4.19)], the string energy is given here by E(t) = eα′
More specifically, let us consider the following set of metrics [29]:
A(r) = B(r) =
(r − r+)(r − r−)
r2 − r20
,
C(r) = r2 − r20 .
(5.4)
This corresponds to the presence of an electric and a magnetic charge, to which
the string does not couple save for their effect on the metric. The parameters of
31
the metric are derived from the mass M and the charges QE (electric) and QM
(magnetic) as follows.
r0 =
Q2M −Q2E
2M
, r± = M ± (M2 + r20 −Q2E −Q2M )1/2 . (5.5)
If Q2E > Q
2
M , the string coupling constant goes to zero close to the singularity
r = |r0|, and we would thus be justified in considering this a good approximation
to an exact string vacuum. Remember that all these metrics are solutions to the
tree-level effective action.
These metrics are globally very similar to Reissner-Nordstrøm’s (RN) when QE
and QM are both different from zero. There are two horizons: an event horizon at
r+ and an inner horizon at r−; and a singularity at r = |r0|. As a matter of fact,
RN appears as the special case QE = QM .
A very interesting phenomenon appears for these spacetimes for the equatorial
motion of a ringlike string. We obtain the following exact solution to the equations
of motion:
φ = nσ , θ = π/2 , t˙ = e/A(r(τ)) ,
r(τ) = M+a cos(nτ + ϕ) ,
(5.6)
with the following constraints on a, coming from the positivity of e2 = a2 +Q2E +
Q2M −M2 − r20, and from imposing that r(τ) ≥ |r0|:
M − |r0| ≥ |a| ≥ (M2 + r20 −Q2E −Q2M )1/2 .
From this constraints it follows that a) the periastron lies inside the inner horizon:
rmin ≤ r−; b) the apoastron lies outside the event horizon: rmax ≥ r+. c) these
last two formulae are only saturated when a = (M2 + r20 − Q2E − Q2M )1/2. We
are thus presented with the situation that a classical string enters the nonstatic
region, goes on to face the singularity, and without falling into it bounces back
out again. This looks clearly analogous to a timelike curve that crosses from one
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asymptotically flat region to another, of those present in the maximal analytic
extension of this spacetime. In other words, the string travels to other universes
through the wormholes, and continues to do so indefinitely. The extreme case
a = (M2 + r20 −Q2E −Q2M )1/2 corresponds to e2 = 0, from which it follows that in
this case the constant t trayectories within the region r− ≤ r ≤ r+ are the ones the
string takes, never entering neither the asymptotically flat regions, nor the regions
connected with the singularity. The other extreme case, a =M −|r0|, corresponds
to a string that reaches the singularity.
Let us now examine the asymptotic behaviour of ringlike configurations of
classical strings far away from the black hole and very close to it. Far away from
it, the metric is Minkowski’s up to 1/r terms. Therefore the asympotic behaviour of
ring solutions is the same as for Schwarzschild’s background, formula (4.24). More
interesting is the possibility of collapse onto the singularity. Whenever r+ and r−
are real, as we are supposing all along, it will always be true that (|r0|− r+)(|r0|−
r−) ≥ 0. This inequality will only be saturated when QE = QM = 0, which
would place us in the already analyzed Schwarzschild case. Therefore, consider
(|r0| − r+)(|r0| − r−) > 0. We find that the string generically cannot reach the
singularity r = |r0|. Assume that it does reachit, say, for τ → 0 . It follows from
the equations of motion,
r¨ =
[
2
r
(r − r+)(r − r−)− r + 1
2
(r+ + r−)
]
θ˙2 −
[
r − 1
2
(r+ + r−)
]
n2 sin2 θ ,
θ¨ =− 2r
r2 − r20
r˙ θ˙ − n2 sin θ cos θ ,
(5.7)
that the generic behaviour is
r
τ→0∼ |r0|+ cτα ,
θ
τ→0∼ θ0 + bτβ ,
(5.8)
where β = 1 − α (or β = 1 − 2α for RN). There is another possibility, with
33
α = β = 2. Now, from the energy squared,
e2 = r˙2 + (r − r+)(r − r−)(θ˙2 + sin2 θ) , (5.9)
and the positivity of (|r0| − r+)(|r0| − r−), we see that α and β are necessarily
greater or equal than 1, thus excluding the generic behaviour α + β = 1 (or
2α+ β = 1 for RN). We stress that collapse is indeed possible, as has been seen in
the exact solution (5.6) presented above for a = M − |r0|, but a very fine tuning
of the parameters of the infalling string is required to avoid the repulsion of the
singularity.
It is important to observe that the most interesting effects observed in the
propagation of classical strings within our approach appear already for solutions
of Einstein-Maxwell’s theory, without having to investigate tree-level string vacua.
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FIGURE CAPTIONS
1) Cosmological spacetime with k = 2: numerical solution to the ringlike equa-
tions of motion for initial conditions such that η(0)η˙(0) < 0.
2) Cosmological spacetime with k = 4: numerical solution, for initial conditions
such that η(0)η˙(0) < 0.
3) Cosmological spacetime with k = 2: initial conditions such that η(0)η˙(0) > 0.
4) Cosmological spacetime with k = 4: initial conditions such that η(0)η˙(0) > 0.
5) Cosmological spacetime with k = 2: both asymptotic regimes are present
here.
6) Cosmological spacetime with k = −3/2: close to the vanishing point for η.
Note the analyticy of the solution.
7) Cosmological spacetime with k = −3/2: The large τ asymptotic regime.
8) Myers’ spacetime: both asymptotics are observed.
36
9) Mueller’s spacetime: the large τ asymptotic behaviour is clearly observed in
this numerical solution.
10) Mueller’s spacetime: A closer look to the limit X0 → 1+.
11) Exact solution to the equations of motion inside the horizon of a Schwarz-
schild black hole, in Kruskal-Szekers coordinates: the string worldsheet covers
all the equatorial section of the interior of the horizon.
12) Numerical solution for the equations of motion of a string in a Schwarzschild
black hole background: the string falls into the black hole.
13) Numerical solution for the equations of motion of a string in a Schwarzschild
black hole background: the string falls into the black hole, but only after
first going past it and then back into the singularity.
14) Numerical solution for the equations of motion of a string in a Schwarzschild
black hole background: the string goes past the black hole, circles round it,
and then bounces back with a change in its amplitude and momentum.
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